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Abstract – The binary quadratic equation

0246 22  xyxyx  represents a hyperbola. In this paper 

we obtain a sequence of its integral solutions and present a few 

interesting relations among them. 
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1. INTRODUCTION 

The binary quadratic Diophantine equations (both 

homogeneous and non-homogeneous) are rich in variety [1-

6].In [7-16] the binary quadratic non-homogeneous equations 

representing hyperbolas respectively are studied for their non-

zero integral solutions. These results have motivated us to 

search for infinitely many non-zero integral solutions of 

another interesting binary quadratic equation given by

0246 22  xyxyx . The recurrence relations satisfied by 

the solutions x  and y  are given. Also a few interesting 

properties among the solutions are exhibited.  

2. METHOD OF ANALYSIS 

The Diophantine equation representing the binary quadratic 

equation to be solved for its non-zero distinct integral solution 

is 

                   0246 22  xyxyx          (1) 

Note that (1) is satisfied by the following non-zero integer pairs 

         ,9,27,30,6,6,6,9,3,3,3 )30,150(  

However, we have other solutions for (1), which are illustrated 

below: 

Solving (1) for y, we have 

xxxy 2483 2          (2) 

Let xx 248 22   

Multiplying the above equation by 8 on both sides and 

performing a few calculations, we have 

    1448 22  X                       (3) 

where      128  xX                  (4)             

The least positive integer solution of (3) is 

 36,12 00  X  

Now,to find the other solution of (3),consider the pellian 

equation 

 18 22  X               (5) 

Whose fundamental solution is 

    3,1
~

,~
00 X  

The other solutions of (5) can be derived from the relations 
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Applying the lemma of Brahmagupta between  00, X &

 nn X
~

,~ , the other solutions of (3) can be obtained from the 

relation 



International Journal of Emerging Technologies in Engineering Research (IJETER)   

Volume 4, Issue 1, January (2016)                                                                         www.ijeter.everscience.org  

  

 

 

ISSN: 2454-6410                                               ©EverScience Publications       34 

    

  1n 6 nf +
8

18
ng                      (6) 

1nX 18 nf +
8

48
ng                  (7) 

Taking positive sign on the R.H.S of (2) and using (4),(6)&(7), 

the non-zero distinct integer solutions of the hyperbola (1) are 

obtained as follows 

 







 12

8

48
18

8

1
1 nnn gfx          (8) 

   ...3,2,1,0,1,36836102
8

1
3 11   ngfxy nnnn

                 (9) 

The recurrence relations for  11,  nn yx are respectively 
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A few numerical examples are given in table below 

Table:NUMERICAL SOLUTIONS 

n  
1nx  1ny  

-1 6 30 

0 27 153 

1 150 870 

2 867 5049 

Some relations satisfied by the solutions (8) & (9) are as 

follows 

1) 312   nn yx  

2) 246 113   nnn xyx  

3) 216 112   nnn xyy  

4) 144635 113   nnn xyy  

5) 36 221   nnn yxx  

6) 323   nn yx  

7) 216 223   nnn yxy  

8) 24635 331   nnn yxx  

9) 36 332   nnn yxx  

10) 331 6   nnn yxy  

11) 332   nn xy  

12) Each of the following expressions is a nasty number 

i) 24848 2222   nn yx  

      ii) 19248280 2222   nn yx  

13) 

   







  36848

6

1
336848

6

1
113333 nnnn yxyx  

is a cubic number. 

2.1. Remarkable Observations 

1) By considering suitable linear transformations between the 

solutions of (1), one may get integer solutions for hyperbolas 

 Example 1) Define  36848 11   nn yxX , 

9624136 11   nn yxY       

Note that the pair (X, Y) satisfies the hyperbola   
222 6328  XY  

       Example 2) Define 

12242881680 22   nn yxX , 

34568164752 22   nn yxY  

       Note that the pair (X, Y) satisfies the hyperbola  

222 36*328  XY  

2) By considering suitable linear transformations between the 

solutions of (1) , one may get  integer solutions for parabolas 

           Example 3) Define   

36848 11   nn yxX , 9624136 11   nn yxY       

             Note that the pair (X, Y) satisfies the parabola    

22 6*328*6  XY   

       Example 4) Define 

12242881680 22   nn yxX , 

34568164752 22   nn yxY  

          Note that the pair (X, Y) satisfies the parabola    

)36(*32)8*36( 22  XY  

Solving (1) for x , we have 

 yyyx 721448123 2      (10) 

Let yy 721448 22   

Multiplying the above equation by 8 on both sides and 

performing a few calculations, we have 
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    1448 22  Y                         (11) 

where      368  yY                        (12)             

The least positive integer solution of (3) is 

 36,12 00  Y  

Now, to find the other solution of (11), consider the pellian 

equation 

 18 22  Y              (13) 

whose fundamental solution is 

  00

~
,~ Y =  3,1  

The other solutions of (13) can be derived from the relations 

 nY
~
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n
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n gf
    

where 
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Applying the lemma of Brahmagupta between  00 ,Y &  nn Y
~

,~

, the other solutions of (11) can be obtained from the relation 

  1n 6 nf +
8

18
ng    (14) 

    1nY 18 nf +
8

48
ng             (15) 

Taking positive sign on the R.H.S of (10) and using 

(12),(14)&(15), the non-zero distinct integer solutions of the 

hyperbola (1) are obtained as follows 

 

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 36

8

48
18

8

1
1 nnn gfy     (16) 

   ...3,2,1,0,1,12836102
8

1
3 11   ngfyx nnnn

                 (17) 

The recurrence relations for 11,  nn yx are respectively 

 
1448488

488848
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A few numerical examples are given in table below 

Table: NUMERICAL SOLUTIONS 

n  
1nx  1ny  

-1 27 9 

0 150 30 

1 867 153 

2 5046 870 

Some relations satisfied by the solutions (16) & (17) are as 

follows 

1) 2488 12   nn xy  

2) 113 4888   nnn xyy  

3) 244888 112   nnn xyx  

4) 192280488 113   nnn xyx  

5) 1688488 221   nnn xyy  

6) 2488 23   nn xy  

7) 2488 21   nn yx  

8) 244888 223   nnn xyx  

9) 1152482808 331   nnn xyy  

10) 1688488 332   nnn xyy  

11) 1928488 331   nnn xyx  

12) 2488 32   nn yx      

1) Each of the following expressions is a nasty number 

i) 192848 2222   nn xy  

      ii) 117648280 3232   nn xy  

14) 

   2048483204848
6

1
113333   nnnn xyxy  

is a cubic number. 

2.2. Remarkable Observations 

1) By considering suitable linear transformations 

between the solutions of (1), one may get  integer 

solutions for hyperbolas 

              Example 5) Define  204848 11   nn xyX , 

57624136 11   nn xyY      

             Note that the pair (X, Y) satisfies the hyperbola   

222 6328  XY  
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       Example 6) Define  

71282881680 22   nn xyX , 

201608164752 22   nn xyY  

              Note that the pair (X, Y) satisfies the hyperbola  
222 36328  XY  

2) By considering suitable linear transformations 

between the solutions of (1) , one may get  integer 

solutions for parabolas 

               Example 7) Define  204848 11   nn xyX , 

57624136 11   nn xyY      

               Note that the pair (X, Y) satisfies the parabola   
22 63286  XY  

               Example 8) Define  

71282881680 22   nn xyX , 

201608164752 22   nn xyY  

                  Note that the pair (X, Y) satisfies the parabola  
22 3632836  XY  

3. CONCLUSION 

In this paper, we have made an attempt to obtain a complete set 

of non-trivial distinct solutions for the non-homogeneous 

binary quadratic equation. To conclude, one may search for 

other choices of solutions to the considered binary equation and 

further, quadratic equations with multi-variables. 
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